
Measure Theory with Ergodic Horizons
Lecture 23

Classical Pointwise Ergodic Morem (Birkhoff 19317. Let (X
,
B

, 1) be a probability space.
A (8

,
23)-

measurablem-preserving transformation Tis ergodic if for each FELIX
,u) and for a .

e. xeX,

him (average - over (x ,
Tx

,
Thx

.
. . .

, Thx 5) = Sidd.
-

i 10 = 3 2.
Auf(x):=T
· S
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Applications.

(a) Irrational rotations. Ut &E(0,
1 be irrational and T2 : Sts' be the rotation

by the angle 2T1
. It's clear that is preserves the Haar measure on S,

B
i

. e .
defined by are-lengths (= pach-forward of Rebesque from 10

,
1)

inare t · x by x Helix) .
We also know from the 39% Comma What To is

S

ergodic .
Let's apply the petwise eng .

Hum
,

to Is fr some set BaS:

Then SABdm = M(B) ,
while An1)= [ABITax) =

= /Ix , Tax ,
Tax

, ...,Tix] 1B1 = the density of B in In() : = Yx, Tax, . ..

,
Tax] ·

The Moem says that the frequency of encountering a point of B as X moves

byTo converges to the proportion of the whole space s' occupied by B
,
i

.

e.

De number M(D) -



(b) Let beINt and let o be a prob measures on
K : = 40

,
1, . . .,

k-13 .
Let M

:=
IN,

so M is a Bernoulli measure on KN
.

Let Saik-k* denote the shift
,

i
.

e.

(xa) +)(xn+ 1)
Sa(xe

,
Xi, , ...

) = (xi
,

Xn
,

...)
.

Graph of S2 This
map is -preserving ,

which we
& & & &

·::: :continuum .... verify for K = 2 and M=M.... continuum p
.

--

................... g Proof
. Enough to show on cylinders:

· X

................................

It wez"
,

then
iiiiiiiii

-/ S S: ([n]) = (ew]
,

so
orbits of Su

M/si(w)) = y(c* w]) = y(com)+ m(xn])P

Prop . So is mixing ,

i
. e

.

for
any

measurable rets A
,

B = 11-p)m(us)+ pu((n)) = Mo(dus)·

EkN
,

we have himm(s(A) (B) = &(A) . M(B).

Propf
.

Do first for as
,

Hun approximate .

Lett as HW.

lor
.

Sa is ergodic
Proof

.
Let A be any measurable Spinvariant cut

.

Then him MISEA1A = MIA?
But SECA) = A by invariance

,
10 M/SECA)MA) = MIATA) = M(A), Hus USA) =MIA)?

Hence &(A) = 0
or 1.

We apply the porise egodic theorem to lay ,
for ack

.

Then SAsazdn = M(Sat):

okay. On the other hand
, Anay(x)= [*(a) (S(x))=otul

I



te frequency of the letter among
first not letters .

Then the therew
says

that the

frequence of a converges to the "weight" of a
,

i. e. U(d.

If instead of k we book an arbitrary probability space (r) and apply the ptwise erg

.
them to theshift s : Y

*
->Y

,
we get the law of large numbers

,
a most used

result in probability Muery.

(2) Let beIN
,
K22 and define the baker's map bu : Co

,
1) + 10

,
1).

x # kx mod 1
For k = 3, !m 111 un

O 3

I Note that if we take the decimal representation x = 0
. XoX, X2..

Ea Men 60(x) = P
.

X , xexs
...,

So bi diffs the decimal representer

o tion
.

Samefork
,

becift the larg representation of x

Indeed
,

let 4 : 10,
1 + R

* be defined by taking each x to XoXI X ...
where

O . XoX
,X ... is the Kang representation of X

.
This is well-defined on irrationals

,
and

we ignore the rationals since they from a wall set
.

Lettinga be the Labesque measure

on 10
,
)

,
what is Yex ? It is not hard to check that Yox=U., where On

is the uniformt probability measure on K
,

HW
.

Tues
,
Y is a measure iconor-

phism from 190 ,
1

,
x) to (kI

,
U&)

. Finally ,
4 is 160

,
sa) - equivariant ,

i
.

e.

Yo6n = Spot .
Thus

,

bo on RO
, 1)

,
2) is isomorphic/conjugate to so on (*)

Here Ar is ↓ preserving and egodic.



Applying the ptwise e.

g .

therem to # for 190,
1, ..., 9)

,
we see that

Im frequency of i
among

the first ut dijetsox) =X(=t for next
as expected

Now we prove the pointerise ergodic theorem. Recall the following lemma from HW.

Local-global bridge .

Let T be a measure preserving transformation on a probability space

IX
, M) .

let FEL'(X
, u) and nEI

.
Then

(a) /Edu = JAnedu ,
where Ant-it fot"

i= 0

(6) Small measure => small density
. Fix 3

,
%20 (e

.g
. 3)

.

If EEX has measure-st,

then on a set XIX of measure 21-1
,

the
average Anlz(< for all xeX !

Proof
. (a) was immediate from Side=Stoide ,

done in HW
,

and 16) follows from 1)

as follows: by (a)
, we

have sireM(z) = SAzdM = (Autzd =3.M(xeX: An)
where the last inequality is Chebyshev .

Hence M14xEX : An12(23) = O
,

so take

X : = (xeX : An 1z] .

Classical Pointwise Ergodic Morem (Birkhoff 19317. Let (X
,
B

, 1) be a probability space.
A (8

,
23)-

measurablem-preserving transformation Tis ergodic if for each FELIX
,u) and for a .

e. xeX,

him (average - over (x ,
Tx

,
Thx

.
. . .

, Thx 5) = J Edd.

-

i 10 = 3 2.
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Proof (0) Invariance of limit
,
& tiling-local-global bridge

.


